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Example 1 Population and Subsamples

# On the Stability of High-Sigma Boundary Estimators Under Sparse Sampling
import numpy as np

import matplotlib.pyplot as plt

from scipy import stats, interpolate

from sklearn.preprocessing import PowerTransformer

def sigma_percentage(sigma):
""'return left and right % boundary based on the specified sigma value'''
return (stats.norm.cdf((-sigma, sigma))*100)

def load_data(size, sub, case='multimodal'):
np.random.seed(42) # mask this line for evaluation
if case=='normal':
vO = np.random.normal(loc=0.2, scale=0.2, size=size)*4 + 5
elif case=='log-normal’:
v@ = np.random.lognormal(mean=0.2, sigma=0.2, size=size)*4
else: # multimodal
vO = np.concatenate([
np.random.lognormal(mean=1, sigma=0.2, size=size//2)+2,
np.random.normal(loc=6, scale=0.3, size=size//2)
1
vl = np.random.choice(v@, size=sub) # sub samples
return vo, vl
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Figure 1 Transform-Based Boundary Estimation
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Figure 2 Power Transform Boundary Distortion in Multimodal Distributions
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Figure 3 PPF(ECDF) for High-Sigma Boundary Estimation
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Example 2 Quantifying Rare Events with Limited Observations

def order_statistic_ecdf(v, 0=0.5): # F(i) = (i - a)/(n + 1 - 2a)
# Hazen 1914, 0=0.5, Weibull 1951 o=@, Blom 1958, a=0.375, Gringorten 1963 0=0.44
ecdf = (stats.rankdata(sorted(v), method='average') - a) / (len(v) + 1 - 2*a)
return ecdf

def pt_quantile(v, sigma, method='yeo-johnson'): # power transform: box-cox, yeo-johnson
pt = PowerTransformer(method=method)
x = pt.fit_transform(v.reshape(-1,1)).ravel()
b = pt.inverse_transform(
(x.mean() + np.array([-sigma*x.std(), sigma*x.std()])).reshape(-1,1) ).ravel()
return x, b

def ppf_CDFKDE(v, g, res=1000):
kde = stats.gaussian_kde(v)
margin = 1.5*v.std()*kde.factor
t = np.linspace(v.min()-margin, v.max()+margin, res)
pdf = kde(t)
cdf = np.cumsum(pdf)/pdf.sum()
ppf = interpolate.interpld(cdf, t, fill_value='extrapolate')(q) # PPF(CDF((KDE(v))))
return t, pdf, cdf, ppf

# load data and sub sample

sigma = 3.5

g = sigma_percentage(sigma)/100

vO, vl = load_data(size=1000 000, sub=500, case='multimodal')

qe
ql

np.quantile(ve, g=q) # v@ quantile
np.quantile(vl, g=q) # v1 quantile

# order statistic: F(i) = (i - a)/(n + 1 - 2a)
el = order_statistic_ecdf(vl, a=0.5) # Hazen
pl = interpolate.interpld(el, sorted(vl), fill_value='extrapolate')(q) # PPF ECDF

# power transform: box-cox, yeo-johnson
x1, bl = pt_quantile(vl, sigma, method='yeo-johnson")

# CDF(KDE), PPF
t1, k1, cl1, pgql = ppf CDFKDE(v1l, q, res=1000) # PPF CDF

# visualization

plt.figure(figsize=(8,8))

ax1l = plt.subplot(211)

ax1l.hist(v@, bins=100, alpha=0.5, density=True, color='g', label=f'v@ hist: {len(v@):,} samples')
axl.hist(vl, bins=50, alpha=0.3, density=True, color='k', label=f'vl hist: {len(v1l):,} sub samples')
axl.vlines(q@, *axl.get_ylim(), lw=2, color='g', alpha=0.5, label=f'v@ quantile {sigma}c')
axl.axvspan(*ql, lw=0, color='lightblue', alpha=0.5, label=f'vl quantile {sigma}c')

axl.plot(t1l, ki1, alpha=e.5, lw=2, c='k', label='PDF(v1)')

axl.set_ylabel('Density"')

axl.legend()

ax2 = plt.subplot(212, sharex=axl)

ax2.plot(sorted(vl), el, c='orange', marker='o', ms=2, alpha=0.6, label='ECDF(v1l, Hazen a=0.5)")
ax2.plot(tl, cl1, ms=1, alpha=0.4, c='k', label='CDF(v1l)"')

ax2.vlines(q@, *ax2.get_ylim(), lw=2, color='g', alpha=0.5, label=f'v@ quantile {sigma}c')
ax2.axvspan(*ql, lw=0, color='lightblue', alpha=0.5, label=f'vl quantile {sigma}c')
ax2.vlines(bl, *ax2.get_ylim(), lw=2, color='r', alpha=0.5, label=f'yeo-johnson(vl) {sigmal}c"')
ax2.vlines(pl, *ax2.get_ylim(), lw=2, color='orange', alpha=0.5, label=f'PPF(ECDF(v1l)) {sigma}o"')
ax2.vlines(pql, *ax2.get_ylim(), lw=2, color='b', alpha=0.5, label=f'PPF(CDF(v1l)) {sigma}c')
ax2.set_xlabel('Value')

ax2.set_yscale('log')

ax2.legend()

plt.tight_layout()
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3. Handling Multimodal Distributions with GMM
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Figure 4 High-Sigma Boundary Estimation via GMM-Synthetic Data
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Example 3 GPD Tail Modeling and Quantile Reliability

#%% GPD Tail Fitting
def gpd_quantile(v, eq=0.9):
th = np.quantile(v, eq) # quantile threshold for exceedances
ve = v[v > th] - th # exceedances, keep floc=0, loc=0
c, loc, scale = stats.genpareto.fit(ve, floc=0) # loc=0
X = np.linspace(@, ve.max()*3, 1000)
p = stats.genpareto.pdf(x, c=c, loc=loc, scale=scale) # PDF
return (th, ve), (c, loc, scale), (x, p) # exceedances, gpd, pdf

vO, vl = load_data(size=1000000, sub=500, case='multimodal')
q = sigma_percentage(4)/100 # 40 quantile

sign = 1 # (-1, 1): (left, right)
(th, ve), (c, loc, scale), (x, p) = gpd_quantile(vl*sign, eq:=0.9) # negative vl for left-side
b = sign*(stats.genpareto.ppf(q[1], c=c, loc=loc, scale=scale) + th) # PPF quantile

# GPD fitting

plt.figure(figsize=(14, 5))

ax0 = plt.subplot(131, title=f'Generalized Pareto Fit: {len(ve)} samples')

ax@.hist(vl, bins=50, density=True, alpha=0.3, label=f'vl: {len(v1)}")
ax0.hist(sign*(ve+th), bins=50, density=True, alpha=0.3, label=f'exceedances: {len(ve)}')
ax@.plot(sign*(x+th), p, lw=2, alpha=0.8)

ax@.axvline(sign*th, color='c', linestyle='--")

ax0.vlines(b, *ax@.get_ylim(), lw=2, alpha=0.5, color="r', label=f'{sigma}oc quantile: {b:.3f}")
ax0.set_xlabel('Value')

ax0.set_ylabel('Density')

#ax0.set_yscale('log')

ax0.legend()

ax0.grid(which="major"', linestyle='-', alpha=0.9)

ax@.grid(which="minor', linestyle=':"', alpha=0.6)

# Q-Q
probs = np.linspace(le-3, 1-1le-3, len(ve))
gt = stats.genpareto.ppf(probs, c, loc=loc, scale=scale) # theoretical quantile

ax1l = plt.subplot(132, title=f'Q-Q {"R" if sign>@ else "L"} tail: {len(ve):,}")

axl.plot(qt, sorted(ve), 'o', alpha=0.5, label='Empirical vs Theoretical')
axl.plot(np.quantile(qt,[0,1]), np.quantile(qt,[9,1]), 'r--', label=f'1:1 Line, th={th:.3f}")
axl.set_xlabel('Theoretical Quantiles')

axl.set_ylabel('Empirical Quantiles')

axl.legend()

axl.grid(which="major', linestyle='-"', alpha=0.9)

axl.grid(which="minor', linestyle=':"', alpha=0.6)

# return level
T = np.logspace(1l, 6, 100) # occurs once per T observations (expected occurrence interval)
return_levels = sign*(stats.genpareto.ppf(1 - 1/T, c, loc=loc, scale=scale) + th)

ax2 = plt.subplot(133, title='Return Level')
ax2.plot(T, return_levels)

ax2.axhline(b, alpha=0.5, color='r', label='4c")
ax2.set_xscale('log')

ax2.set_xlabel('Return Period') # occurs interval
ax2.set_ylabel('Return Level (Quantile)')
ax2.grid(which="major', linestyle='-"', alpha=0.9)
ax2.grid(which="minor', linestyle=':"', alpha=0.6)
ax2.legend()

plt.tight_layout()
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5. Combining Tail-GMM and GPD for Robust Boundaries
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Example 4 Double-Sided GPD Tail Fitting

#%% Double-sided GPD Tail Fitting
def gpd_quantile2(vl, eq=0.9, g=0.99997): # pick eq% tail for exceedances
# right
v = vl
thl = np.quantile(v, eq) # quantile threshold for exceedances
vel = v[v > thl] - thl # exceedances, keep floc=0, loc=0
cl, locl, scalel = stats.genpareto.fit(vel, floc=0) # loc=0

x1 = np.linspace(@, vel.max()*3, 1000)

pl = stats.genpareto.pdf(x1l, c=cl, loc=locl, scale=scalel)

bl = stats.genpareto.ppf(q[1], c=cl, loc=locl, scale=scalel) + thl
# left

v = -vl

th2 = np.quantile(v, eq) # quantile threshold for exceedances
ve2 = v[v > th2] - th2 # exceedances, keep floc=0, loc=0
c2, loc2, scale2 = stats.genpareto.fit(ve2, floc=0) # loc=0

x2 = np.linspace(@, ve2.max()*3, 1000)
p2 = stats.genpareto.pdf(x2, c=c2, loc=loc2, scale=scale2)
b2 = -(stats.genpareto.ppf(q[1], c=c2, loc=loc2, scale=scale2) + th2)

return b2, bl # left, right

11
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Generalized Pareto Distribution (90.0% Tail Fit): 500 samples
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Figure 9 Tail-aware GMM with GPD Strategy for High-Sigma Confidence
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Example 5 Combining tail-GMM and GPD for Tail Event Modeling

#%% Tail Event Modeling
vO, vl = load_data(size=1000000, sub=500, case='multimodal')
g9 = np.quantile(vo, g=q)

# Tail-GMM
means_init = np.quantile(vl, np.linspace(©.01, 0.995, 5)).reshape(-1, 1)
gmm = GaussianMixture(

n_components = 5,

means_init = means_init,

init_params = 'k-means++',

random_state = 42

)
gmm.fit(vl.reshape(-1, 1))

vg = gmm.sample(1000 000)[0].flatten()

# GMM PPF quantile

X = np.linspace(vl.mean()-5*vl.std(), vl.mean()+5*vl.std(), 1000_000)
logprob = gmm.score_samples(x.reshape(-1, 1))

pdf = np.exp(logprob)

cdf = np.cumsum(pdf) / np.sum(pdf)

gg = interpolate.interpld(cdf, x, fill value='extrapolate')(q)
print(f'GMM veO[ve<{qg[0]:.3f}]: {len(ve[ve<qg[®]]):,} samples')
print(f'GMM ve[ve>{qg[1]:.3f}]: {len(ve[ve>qg[1]]):,} samples')

# GPD quantile

= gpd_quantile2(vl, eq=0.9)
print(f'GPD vO[ve<{qp[0]:.3f}]: {len(ve[ve<gp[©]]):,} samples')
print(f'GPD vO[ve>{qp[1]:.3f}]: {len(ve[ve>qgp[1]]):,} samples')

plt.figure(figsize=(12, 5))

ax = plt.subplot(111, title=f'GMM ({len(vg):,} synthetics)"')

ax.hist(v@, bins=100, density=True, color='c', alpha=0.5, label=f'v@ Histogram: {len(v@):,}")
ax.hist(vl, bins=100, density=True, color='k', alpha=0.2, label=f'vl Histogram: {len(v1l):,}")
ax.hist(vg, bins=100, density=True, color='orange', alpha=0.5, label=f'GMM synthetics: {len(vg):,}")
ax.axvspan(*qge, color='c', alpha=0.3, label='v@ 40 quantile')

ax.vlines(gp, *ax.get_ylim(), lw=2, alpha=0.5, color='r', label=f'GPD: {qp[@]:.2f}, {qgp[1]:.2f}")
ax.set _xlabel('Value')

ax.set_ylabel( 'Density")

ax.grid(axis="'both', which="major', linestyle='-', alpha=0.9)

ax.grid(axis='both', which="minor', linestyle=':"', alpha=0.6)

ax.minorticks_on()

ax.legend()

plt.tight_layout()
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